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A simple method of kinetic model discrimination.
Part 1. Analysis of differential non-isothermal data
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Abstract

The applicability and relevance of the Freeman and Carroll (FC) method in the kinetic
analysis of non-isothermal data are discussed. It was found that the apparent kinetic
parameters obtained by the modified FC method allow the kinetic model to be discriminated.
A simple, quick method of kinetic model determination is proposed and verified for
theoretically calculated thermal analysis data.

INTRODUCTION

The kinetic treatment of non-isothermal thermoanalytical (TA) data has
been a widely discussed topic for many years [1]. The popularity of
non-isothermal methods of kinetic analysis of TA data is mainly due to the
fact that both analytical and kinetic data can be obtained simultaneously in
a relatively short period of time. Unfortunately, the ease with which such
data can be obtained has resulted in an increased volume of papers and
confusion, rather than in an increase in the quality of TA research.
Therefore, it is not surprising that the usefulness and reliability of kinetic
parameters, obtained from non-isothermal TA data are questioned. It seems
that the problems arise from uncritical application of standard techniques of
TA data processing, not taking into account the basic assumptions under
which these methods were derived.

Thirty-five years ago, Freeman and Carroll [2] published their method of
kinetic analysis of non-isothermal TA data. Ever since, a large number of
views have been expressed by various authors, both for and against the
technique. Criado et al. [3] have published a critical study concerning the
suitability of the Freeman and Carroll (FC) method for the kinetic analysis
of reactions including the thermal decomposition of solids. They concluded
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that this method would lead to erroneous interpretation of the reaction
mechanism. The authors [3] claimed that the FC method cannot even be
used for verification if a solid state reaction follows the nth-order kinetic
law for which it has been originally derived.

The aim of this paper is a more detailed discussion of the FC method
from the point of view of its applicability and relevance in non-isothermal
TA kinetics. We would like to show that under certain circumstances this
method can be quite useful for a quick, reliable determination of the kinetic
model from non-isothermal TA data.

In the first part of the paper, the basic principles of the FC method are
briefly reviewed. In the subsequence part, the relationship between true
kinetic parameters and those determined by the FC method is dis-
cussed. Finally, a simple and reliable method of kinetic model determin-
ation procedure is presented. The consistency of the method is verified
using theoretically calculated TA curves. A more detailed discussion of
the mathematical formulae used throughout the paper is given in the
appendix.

THE FREEMAN AND CARROLL METHOD

A simplified description [1] of kinetic processes in thermal analysis is
based on a constitutive system of equations defining the relations between
the rate of conversion (doa/df) and the state of the system under study
represented by the degree of conversion o and temperature 7. The basic
kinetic equation is then expressed in the form

(da/dt) = Ae f(w) (D

where A is the pre-exponential factor, x is the reduced activation energy
(x = E/RT) and f(«) represents a function depending on the kinetic model.
The f(«) functions corresponding to the kinetic models most commonly
used in the literature are listed in Table 1.

TABLE 1

The mathematical expressions of the kinetic models

Model Symbol f(x)

Johnson—Mehl—Avrami ¢ IMA(m) m(l —o)[ —In(1 —o)]' 1/
Two-dimensional diffusion D2 [ —In(1 — a)]

Jander eqn. D3 G/DI — 021 = (1 =)'
Ginstling - Brounhstein eqn. D4 G2/ —2)- ' —1)
Reaction order RO(#) (1 —a)”

* The kinetic exponent of the JMA model is usually quoted as n, but is called m here to
distinguish it from that of the RO model.
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For the reaction order kinetic model, eqn. (1) can be rewritten in the
form

(da/dr) = Ae~EIRT(] — g) (2

By differentiating the logarithmic form of eqn. (2) with respect to
d In(1 — «), Freeman and Carroll [2] obtained

diIn(de/dr)  E d(1/7) (3)
dln(1—a) Rdln(1—a)

The plots of the left-hand-side of eqn. (3) against d(1/7") d In(1 — &) should
be a straight line with a slope —E/RT and an intercept equal to the kinetic
exponent n. Therefore this method allows one to determine simultaneously
both the activation energy and the kinetic exponent. It should be born in
mind that this is valid only if the kinetic data correspond to the reaction
order model RO(n). However, due to the mutual correlation of kinetic
parameters it can be shown that if eqn. (3) is applied to any kinetic data,
then the reaction would be seen apparently to obey the RO(n) model, in
spite of really following a quite different mechanism. In this case, an
apparent reaction order n, and an apparent activation energy E, would be
obtained instead the true kinetic parameters.

RESULTS AND DISCUSSION

It seems reasonable to assume that the FC method always gives apparent
kinetic parameters and that only for a special case of the RO(n) model are
these parameters equal to the true ones, i.e. E, = E and n, = n. Criado et al.
[3] have found the average values of the (E,/E) ratio as well as the apparent
exponents n, for the basic kinetic models used in the literature. Recently, it
was found [4, 5] that the ratio (E,/FE) can be expressed by the equation

(EJE) = —U—(Q} M @)

(op) ] 1 —ap
where «,, is the degree of conversion at the maximum of the TA peak and
f'(a) is the derivative of the f(a) function with respect to a (see also the
Appendix).
For practical reasons, it is suitable to rewrite eqn. (4) in a somewhat
different form

(Eufn,E) = —flop ) f'(tp)(1 — 0p)] (5)

The right-hand-side of eqn. (5) depends only on the value of a,. Thus it is
possible to express the (E,/n,E) ratio as a function of o, for all the kinetic
models listed in Table 1. These expressions are summarized in Table 2.
Figure 1 presents the (E,/n,E) vs. a, dependences in graphical form. It is
seen that the value of (E,/n,E) increases with a, for the D2, D3, D4 and
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TABLE 2

The expressions and limiting values for (E,/n, E)

Model (E,In,E) az (E,In,E)*
—In(1 —
IMA(m) n(l —ap) 0.632 m
1+In(1—a,) —1/m
D2 —In(1 —a,) 0.834 1.796
—(1 = —1/3
D3 M=) 7 0.704 0.750
1—2(1—qy)
D4 31— (1 — )7 0.776 1.178

JMA (n < 1) models (Fig. la). The limiting values corresponding to the
infinite value of the reduced activation energy (see the appendix) are shown
by open squares, and the numerical values are listed in Table 2. A different
behavior is observed for the JIMA (n > 1) model (Fig. 1b) where the value
of (E,/n, E) decreases with increasing o,,. Figure 1 can easily be used for the
kinetic model determination provided that the activation energy is known,
because the parameter o, can be obtained from experimental data, and both
E, and n, are results of the FC analysis.

It is well known, however, that «, depends on the reduced activation
energy at the maximum of the TA peak, i.e. x,. Therefore any possible ap-
plication of the FC method requires a discussion of this problem. Analytical
expressions can be found (see the appendix) for the JIMA(m) model [5]

EnE) ==L 14 (6)
Xpm(x,)

and for the D3 model
3 1

(Ea/naE) =§|:1 —m} (7)

Unfortunately, such equations cannot be derived for the D2 and D4 models.
In these cases, the (E,/n,E) versus x, dependence has to be determined
numerically. Calculated data (full lines) are shown in Fig. 2 for all the
kinetic models discussed. It is clear that the (E,/n, E) versus x, dependence
increaes for the D2, D3, D4 and JMA(n < 1) models (Fig. 2a) and decreases
for the JMA(n > 1) models (Fig. 2b). The limiting values corresponding to
x,— oo are marked by arrows at the right-hand-side of the figure.

It should be stressed that the value of (E,/n, E) is practically constant for
x > 20 for all kinetic models and varies only within a few percent. The
average values are summarized, together with corresponding error limits, in
Table 3.
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Fig. 1. The (E,/n,E) ratio as a function of «, for the JIMA(m), D3, D2 and D4 kinetic
models calculated using the formulae listed in Table 2. The limiting values corresponding to
infinite x,, are marked as open squares.
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Fig. 2. The dependence of the (E,/n,E) ratio as a function of reduced activation energy
corresponding to the maximum of the TA peak (full lines). The data calculated by FC
analyses of the theoretical TA peaks are plotted as filled squares. The limiting values
corresponding to infinite x, are marked by arrows.
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TABLE 3

Characteristic values of apparent kinetic parameters as determined by the FC method

Model n, (E,/n,E)
IMA(m) 1 m + 0.05m
D2 0.27 1.7+0.1
D3 0.67 0.72 + 0.03
D4 0.42 1.12 £ 0.06
RO(n) n 1/n

It is also very important to note that the apparent kinetic exponent #,, as
determined from the FC plot, is a characteristic constant for the true kinetic
model (see Table 3) and does not depend on x,. Therefore, its value can be
used as a first approach for the kinetic model determination from the FC
plot. Of course, this is not sufficient to resolve the problem completely
because there is still some uncertainty as to whether », corresponds to the
true kinetic exponent of the RO(n) model or if it is an apparent value of the
D2, D3, D4 or JMA(m) model, respectively. Nevertheless, if the true
activation energy is known, the (E,/n, E) value can be calculated and the
kinetic model can be definitely determined. The activation energy value can
easily be determined from a series of non-isothermal measurements carried
out at different heating rates. The Friedman [6] and Ozawa—Flynn—Wall
[7-9] analyses are recommended.

The discrimination procedure is outlined schematically in Fig. 3. It can be
seen that the difference in the (F,/n, E) values for the RO(n) and diffusion
models (D2, D3, D4) is large; thus there is no possibility of confusion even
for low values of reduced activation energy. The method proposed also
allows the kinetic exponent for the JMA(m) model to be determined with an
error not exceeding 5%.

To verify the proposed concept of kinetic model determination using the
FC analysis, theoretical TA curves were simulated (see the appendix).
Typical curves calculated for a €(0.03, 0.99) are shown in Fig. 4. These
curves were subsequently analyzed by the FC method (in the range:
0.4 <o <0.9) as illustrated in Fig. 5. The results of the analysis are plotted
as filled squares in Fig. 2. There is no doubt that the results obtained agree
well with theoretically predicted dependences. Therefore, the proposed
discrimination procedure seems to be consistent.

CONCLUSIONS

The method developed by Freeman and Carroll [2] to analyze data
following nth-order kinetics has been extended for the different kinetic
models describing solid state reactions. It is found that the results obtained
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Fig. 3. The schematic outline of the proposed method for kinetic model determination.
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Fig. 4. The theoretical TA curves calculated for the defined range of degree of conversion:
0.03 <o <0.99.
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Fig. 5. The FC analysis of the theoretical TA curves shown in Fig. 3.

by this analysis permit an unambiguous determination of the kinetic model
provided that the true activation energy is known. A simple and quick
method for the kinetic model determination is proposed and verified using
theoretically calculated TA curves.
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APPENDIX

If the temperature rises at a constant rate f, then, after integration of
eqn. (1) we obtain

_4E [
g(Of)—ﬁ—Re [ . } (A1)

where n(x) is an approximation of the temperature integral [1]. There are
many approximate expressions of 7(x) in the literature. For all calculations
presented in this paper, we have used the approximation [10]

x>+ 18x>+ 88x + 96
x* 4+ 20x* + 120x2 4+ 240x + 120

which gives sufficiently accurate results. The g(x) function is an integral
form of the kinetic model defined as

n(x) = (A2)

do
=|—+C (A3
g(@) J @ )
where C is a constant which can be determined from the condition
lim g(a) =0 (A4)
a—-0

Using eqn. (A3) and applying the condition (A4), we can determine the

integral forms of all the kinetic models, as summarized in Table Al.
Equation (A1) was used for calculation of theoretical TA curves in the

integral form, for the degree of conversion range 0.03 <« <0.99. The TA

TABLE Al

Integral forms of the kinetic models

Model gla)

IMA(m) [ —In(1 —a)] ="

D2 (1—o)In(l —a) +a

D3 [1—(1—-'?

D4 (1 —%a)—(l —o)?
_ . 1-n

RO(n) I-d-a "

1—n
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TABLE A2
Model p

1 —
IMA(m) - exp{—x—*’"(i’) - 1]

m
1 -3

D3 1- [E + xpn(xp)]

l —n /(1 — )
RO(n) 11— |:l + > xpn(xp):l

curves shown in Fig. 4 were then calculated by means of eqn. (1) using these
integral data.
Differentiating eqn. (1) with respect to time yields the equation [11]

2

(d*x/dt?) = [TL} S()g() f"(e)g(e) + xm(x)] (A3)
(x)

where f'(a) = df(«)/dz. The condition for the maximum of the TA peak is

obtained by setting eqn. (AS5) equal to zero

_f(ap)g(ap) = xpn(xp) (A6)
This is the basic equation expressing the dependence of the parameter «, on
the reduced activation energy. When x,, is infinite, then

lim [x7r(x)] =1 (A7)

and eqn. (A6) can be written as
—f(ag)glay) =1 (A3)
Hence the value of the degree of conversion at the peak reaches its
maximum value o for infinite x,. An identical result is also obtained for
hyperbolic or logarithmic heating programs [12] where the a, does not
depend on the reduced activation energy.

From eqn. (A6) we can obtain the dependence of «, versus x, in explicit
form, as shown in Table A2 for some kinetic models. Combining these

relationships with the expressions for (E,/n,E) listed in Table 2, we can
obtain eqns. (6) and (7).



